The therm al properties o f Rochelle salt have been correlated w ith its crystal structure. As w ith other crystals containing hydrogen bonds, therm al expansion is largest in th e direction o f these bonds, but above the upper Curie point this predominance largely d is appears. B etw een the tw o Curie points the therm al expansion shows anom alies and is subject to hysteresis.
Introduction
Anomalous thermal expansion, and isotope effects associated with hydrogen bonds in crystals, have been previously investigated for the following substances whose structure is completely known: oxalic acid dihydrate ( An extension of these observations to Rochelle salt was undertaken in view of the determination of the complete structure of the crystal by Beevers & Hughes (1941) , who have assigned co-ordinates to all the atoms except hydrogen.
Crystallographic data
Above or below the temperature interval between the two Curie points ( -20° to + 24*5° C), Rochelle salt KNaC4H 40 6. 4H 20 crystallizes in the orthorhombic system P 21212.
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But within the temperature interval between the Curie points the electrical properties of the crystal indicate a lowering of the crystal symmetry. Various suggestions have been made to explain the fact that this lowering of symmetry is apparently not accompanied by a change of phase at the Curie points. According to Beevers & Hughes (1941) , the absence of measurable discontinuities in the positions or intensities of the X-ray reflexions, within this temperature interval, is explained by supposing that only the hydrogen atoms undergo marked changes of position in the crystal. According to Muller (1940) , careful experiments with mirrors glued to the crystal faces show that the crystal is really monoclinic-hemimorphic between the Curie points, but that the angle between the 6 and c axes only differs from 90° by 3' 45". A theoretical analysis by Jafife (1937) led to the suggestion that the behaviour is only pseudo-orthorhombic between the Curie points, as a result of twinning about the bo r c axes. Some measurements of the specific heat (Rusterholz 1935) indicate anomalous maxima, at the Curie points, which would mean that the thermodynamic transitions are of the second kind, but other measurements show no marked anomalies (Wilson 1938 ). The experimental results described below throw fresh light on this problem. But the apparently inconsistent results obtained by different authors suggest that the behaviour of Rochelle salt is sensitive to its method of preparation.
Thermal expansion
Previous measurements (cf. table 2) have been made by macroscopic methods using an interferometer (Valasek 1922) or a dilatometer (Habliitzel 1935 > Vigness 1934 , 1935 . The X-ray method described below has the advantages, especially important near transition points in the crystal, that it uses much smaller crystals and records actual lattice changes.
In addition to recording lattice expansions the X-ray films permit estimates of changes of intensities of reflexion with rise of temperature. Only rough visual estimates of these changes have been made on the films so far obtained, but the results give fresh information about the thermal vibrations in the crystal. Finally, experimental evidence has been obtained from the X-ray films which throws fresh light on the nature of the transitions in Rochelle salt, and on thermodynamic changes of the second kind, in general. This is described below.
Experimental methods

Crystals
These varied from 1/2 to 2 mm. in linear dimensions. A solution of (A. R.) Rochelle salt in distilled water just not saturated at 40° C gave prismatic crystals on cooling in air, convenient for setting with the c axis vertical. By slow evaporation of a solution saturated at room temperature in a shallow dish, fiat plates were obtained which could be cleaved to shapes convenient for setting the a axis vertical. Crystals for the diagonal settings were cut from both these forms.
Unless otherwise stated* the crystals were stored a t room temperature and humidity. Exposure to the dry air flowing through the temperature chamber might influence hysteresis phenomena by affecting the water content of the crystals (Valasek 1922; Staub 1934) , but this was not specially investigated in the present series of experiments.
After exposure to temperatures around 45° C, which approaches the decomposition point of the salt (55° C, Valasek 1922), the faces of the crystals were observed to whiten, indicating superficial loss of water.
Temperature control
In order to traverse the region of dielectric and thermal anomalies in Rochelle salt, measurements were made from just below the decomposition temperature to A. R. Ubbelohde and I. Woodward F igure 1. Cold-air cham ber. 1, co ld d ry o x y g e n ; 2, h e a t in su la tio n ; 3, h e a tin g co il; 4, g la ss sh ield in g tu b e; 5, silver ga u ze to eq u alize g a s tem p eratu re w ith copper ch am b er; 0, m ain th erm ocou p le ju n ctio n ; 7, cellop h an e; 8, copper cham ber, w alls 0-8 m m . th ick , in tern al d iam eter 4*5 m m .; 9, X -r a y b eam .
-90° C. Since the constant-temperature chamber previously described (Ubbelohde & Woodward 1943 ) is unsuitable for work below room temperature, a cold-air chamber for single crystal measurements was constructed as shown in figure 1.
A uniform stream of cold (and very dry) gas was produced by boiling liquid oxygen in a vacuum flask, at a rate controlled by the current through a small immersion heater consisting of nichrome wire wound on a pyrex former and dissipating up to 18 W. When the crystal was maintained at -40° C, about 100 c.c. of liquid oxygen were boiled away every hour. The cold oxygen passed through a heat-insulated glass tube held in a rubber bung closing the vacuum flask and then flowed over both inside and outside surfaces of the copper constant-temperature chamber illustrated in figure 1. To improve heat exchange, a plug of silver gauze was pushed into this copper chamber just above the crystal. A glass tube with cellophane extension served to direct the stream of cold air around the outside of the copper chamber and thus to shield it from the surroundings. No difficulty was experienced from condensation of ice on this apparatus, but the X-ray camera was protected with a loose cover during prolonged exposures to keep out moist air.
During an X-ray photograph, the temperature of the copper chamber was repeatedly determined by means of a fixed copper-constantan thermocouple. By adjusting the gas flow and heating of the chamber, this temperature could be maintained to within ± 0-1° C over the whole range.
A correction was necessary to allow for a small difference in temperature between this copper chamber and the actual temperature of the crystal surrounded by the air stream. To determine this, a small auxiliary couple of 36-gauge wire was used, with one junction fixed to the copper chamber and the other occupying the position subsequently occupied by the crystal. As the temperature of the copper chamber was decreased to -90° C, the auxiliary couple showed that the temperature differ ence between the middle and the walls of the chamber increased gradually and uniformly to not more than -5° C at the lowest temperature. Exploration of the temperature gradient within the chamber by the same means showed that this was less than 1° per mm. shift at the lowest temperature, so that there appeared to be a small jump at the surface of the copper. Since accurate centering of the crystals could be ensured, it was estimated that after applying the above correction the error in the determination of crystal temperature did not exceed + 1° C at -80° C, and was less at higher temperatures.
Mounting of the crystals
The crystals were mounted with nitrocellulose dissolved in amyl acetate, on glass fibres, and were held in the X-ray beam about 1 cm. above the bottom of the copper chamber. Two small windows in this chamber, covered with cellophane, allowed the passage of the main X-ray beam and of the back reflexions under investigation. Unless otherwise stated, from 5 to 10 min. was allowed for the crystal to take up its new temperature before beginning the X-ray exposure. This was considered to be sufficient to ensure thermal equilibrium of the lattice vibrations which determine the thermal expansion of the lattice, but would not necessarily be sufficient to permit the relaxation of hysteresis effects, which may involve rearrangements of the lattice between the Curie points (see below).
X-ray methods
The method of carrying out oscillation photographs using the multiple exposure camera with the crystal a t different temperatures has been previously described (Ubbelohde 1939 6; Ubbelohde & Woodward 1943) .
Only reflexions with Bragg angles greater than 76° were used. Convenient planes with normals near to the crystal axes were found to be 15, 3,0 a t 13*5° to the a axis, 15, 4,0 a t 17*8° to the a axis, 1. 18.0 at 2*7° to the b axis, 2. 18.0 at 5*3° to the b axis, 3. 18.0 at 7*9° to the b axis, 1, 0,8 a t 3*6° to the c axis.
Measurements were also made in directions which would give the reflexions from the 0,12,6 and the 0,12,6 planes, assuming the crystal became monoclinic. With 15° oscillations of the crystals, the intensities of unfiltered Cu radiation available gave satisfactory photographs in from 10 to 30 min. exposure.
Tests showed that the error in film measurements was not more than ± 0*05 mm. under favourable conditions. The actual shifts due to change of temperature of the lattice ranged from 0*4 to 7*5 mm. The probable error in individual measurements of the lattice expansion coefficients for a 10° rise in temperature was ± 8 %. Sufficient independent measurements were made to obtain the mean values of the thermal expansion to ± 3%, except in the region where hysteresis was observed, where mean values were not taken (see below).
E xperimental results
These may be conveniently grouped under four headings:
(i) the axial lengths of Rochelle salt, (ii) observations on thermal expansion, (iii) intensities of X-ray reflexions, (iv) observations on the nature of the thermal transitions in Rochelle salt.
(i) Axial lengths of Rochelle salt On the basis of an assumed spacing for crystalline silver of atomic weight purity of 4*0775 A a t 20° C(Hume-Rothery & Reynolds 1938), table 1 shows lengths obtained from observations on the planes quoted above and on the 7, 0, 7 plane.
The values at -50 and at + 35° C of the present series are based on fewer observa tions than those at +20°C, and are probably less accurate. Freshly crystallized (A.R.) Rochelle salt was used. The new values for the b axis appear to differ appreciably from those determined by earlier workers. No explanation of this difference is offered, but experiments are in hand to determine the effects on the lattice of adding small quantities of impurities and of removing some of the water of crystallization.
Evidence which is described in §(iv) below shows th a t up to -15° C the angle between the 6 and c axes does not differ measurably from 90°. I t rises to about 90° 1' 48" a t 0° C and decreases to 90° again a t around + 25° C. (ii) Thermal expansion of the lattice In order to follow the thermal expansion of the hydrogen bond, over 150 measure ments were made of the lattice spacing of the 15, 3,0 plane at temperatures ranging from -90° to + 55° C. Considerably fewer determinations were made on the other crystal planes quoted.
I t was found th a t whereas the thermal expansion normal to the 15, 3,0 plane was reproducible and showed a uniform trend with temperature both below about -25° C and above about + 25° C, between these temperatures the lattice expansion could assume a range of values which are further discussed in § (iv) below. The general range of results so far obtained is given in summarized form in table 2. Features to note about these experimental results are: (a) Below the upper Curie point, the thermal expansion is a maximum in the direction of the hydrogen bonds (cf. the polar diagrams of axial expansions, figures 2 and 4). Above the upper Curie point, the relative enhancement of thermal expansion in the direction of the hydrogen bonds practically vanishes (the polar diagrams in figures 2 and 4 become practically circular).
(6) Between the two Curie points, the range of thermal expansions is illustrated in the polar diagram for 0° C (figure 3), which gives the extreme values observed owing to hysteresis (see below). Owing to this hysteresis it has not been possible to verify whether the thermal expansion passes through a maximum, though there are indications th at this may be so. Habliitzel (1935) , who allowed 3-4 hr. after each change of temperature, obtained definite evidence of such a maximum, though no detailed results are given. Vigness (1935) , who allowed 6 hr. for equilibrium observed no such anomaly, so that this point must be left open. A further point to note is that if Rochelle salt is monoclinic between the two Cune points, the axes of the expansion ellipsoid need not coincide with the crystallographic axes, as has been assumed in figure 3. Actually the departure from orthorhombic structure in this region of temperatures is found to be so small (see § (iv) below) that t.hia assumption is unlikely to lead to serious error.
(iii) Intensity changes j,n the X-ray reflexions
Visual estimates were made of the relative intensities of the 15, 3,0 reflexions at various temperatures between 180 and 320° K. The multiple exposures on the same' film made it possible to bracket the effect of a change of temperature on the intensity of reflexion, and thus to control possible changes in the intensity of the primary X-ray beam during a series of exposures.
Although visual estimates of intensity are necessarily somewhat rough, calcula tions were made of the exponent M in the Debye-Waller expression for the change of intensity
where U\ is the mean square amplitude of the thermal vibrations of the atoms normal to the reflecting plane, 6 the Bragg angle, and A the wave-length. The plot of M against temperature gives a smooth curve (figure 5) in good agreement with a Debye-Waller function for the amplitude of thermal vibrations
with a characteristic temperature of 0 -255° K and a value of = 0*95 a t 0° C; ma is taken as the mass of the sodium atoms only, for reasons given below. Features to note about this result are: (a) Calculations of the structure factor for the 15, 3,0 plane, from the data given by Beevers & Hughes (1941) , show th a t the main contribution to the intensity is made by the sodium atoms. Staub (1934a) used the 2,2,2 plane, for which all the atoms K., Na, C and O in Rochelle salt contribute to the intensity of reflexion, and obtained a characteristic temperature of & = 249° K o The agreement between these 0 values shows th a t the of the heavy atoms in the. direction of the a axis. This confirms the general conclusion th at the exceptionally large thermal expansion in this direction is th at due to the hydrogen bonds, which would only have an indirect effect on the intensities of reflexion.
(b) Within the Curie range, Staub observed an abrupt rise in the intensity of reflexion from the 2,2,2 plane. The final interpretation of this rise of intensity must await further experimental work. Provisionally, it may be suggested th at it is not due to any large change in lattice vibrations over the Curie region of temperatures, which was suggested by Staub, but to a break-up of the lattice decreasing the primary extinction (see § (iv) below). W ithin the accuracy of measurement, no similar rise of intensity of reflexions from large spacing planes has been observed in the present series of measurements on the 15, 3,0 plane, and this may tentatively be ascribed to the fact th a t the crystal shows much less break-up in this direction, between the Curie points, compared with the direction studied by Staub.
(c) From the intensity data, the amplitude of vibration of the sodium atoms normal to 15, 3,0 is calculated to be 0*17 A a t 0° C, and increases by 0*12 A over the temperature range 170-320°K. By a coincidence, the actual expansion of the a axis in this direction over the same temperature range is nearly the same, being 010A .
(iv) The nature of the thermal transitions in Rochelle salt
Transitions of the second order. Measurements by various authors have shown th at fairly large changes occur in a number of crystal properties of Rochelle salt over a narrow range of temperatures around the lower and upper Curie points ( -20° and 4-24*5° C), but th at there are no abrupt transitions corresponding with a simple change of phase. X-ray measurements of lattice spacings along the crystal axes, described above, likewise show no abrupt changes of lattice spacings a t the Curie points. On the basis of all this evidence, the transitions at the two Curie points may be said to be thermodynamically of the second order.
As has been stated in § (ii) above, between the two Curie points the lattice expan sion could assume a range of values, probably due to hysteresis. The scatter was particularly noticeable around the a axis (cf. figure 3) . Indications have been obtained that the hysteresis is correlated with the sequence and rate of temperature changes imposed on the crystals. However, in view of statements th at a corre sponding hysteresis observed in the electrical properties of the crystal (Valasek 1921 (Valasek , 1924 Staub 1934a; Hablutzel 1939; Bantle & Busch 1937) i® dependent on the water content of the crystals, a more detailed discussion of the hysteresis in the thermal expansion is deferred pending further experiments with salts of varying degrees of dryness. I t may be added that hysteresis frequently accompanies transi tions of the second order in crystals (Ubbelohde 1937) .
Evidence for an internal break-up within the * * crystals. In order to obtain a more sensitive control of the thermodynamic change in Rochelle salt between the Curie points than can be obtained from measurements of the axial planes, an additional series of X-ray measurements has been made, using the multiple exposure spectrometer and crystal oscillations to give the 0,12,6 and 0,12,6 reflexions at various temperatures. If the crystal became monoclinic between the two Curie points, this might merely involve a measurable departure from 90° of the angle between the b and c axes without a measurable change in the axial lengths. Com parison of the spacings of the above two planes by the multiple exposure X-ray method is a particularly sensitive means of determining how far the angle between the b and c axes differs from 90°, since in the reciprocal lattice the reciprocals of these spacings form the diagonals of a parallelogram, with the sides perpendicular to the 010 and 001 planes nearly equal.
The measurements so far obtained are listed in table 3. Four different crystals were mounted so as to give reflexions from 0,12,6 and 0,12,6 in a pair of oscillations, described as (a) and (6) in table 3 and plate 4. This pair of oscillations was recorded at the same temperature on successive strips of the multiple exposure spectrometer, so as to permit accurate determinations of any difference in spacing. The temperature of the crystal was then changed and the procedure repeated. In order to traverse the temperature region between the Curie points, measurements on these diagonal planes in the crystal were made at -15° C, at around 0° C, and at + 15° C. Other details are given in table 3.
It may be noted that proceeding round the axis of the crystals each of the (a) and (6) reflexions occurs twice. These are numbered at, blt a2, b2 in the table, where ax, a2 correspond with the same diagonal viewed from opposite sides of the crystal.
The following experimental results contained in table 3 are of interest: (i) Just above the lower Curie point ( -20° C), sharp well-defined single reflexions are obtained in all cases (plate 4). There is no measurable difference between the spacings of 0, 12,6 and 0, 12,6 within ± 5 x 10~5A, Which means th at around this temperature the angle between the b and c axes does not differ from 90° by more than 12" of arc.
(ii) In the neighbourhood of 0° C the reflexions from both of the (nominal) planes 0,12,6 and 0,12,6 are split into the same two components. The relative intensities of these components differ according to the direction in which the crystal is viewed, and in some cases one of the components is faint (983) or practically absent (964). Tests suggest that the relative intensities can be changed by heating the crystal above the Curie point and then cooling (cf. films 981 and 984), but further experi ments are in hand to confirm this important point.
Since the X-ray beam of cross-section about 1*4 mm. illuminates practically the whole face of the crystals, which ranged in size from 0*7 to 1-6 mm., the observation of a pair of reflexions from each of the diagonal planes implies that in the Curie region the 'single' crystal becomes monoclinic, not as a whole, but in domains with the a axis up and down at random. From the magnitude of the split in the reflexions, the angle between the b and c axes at 0° C is about 108" of arc. The sharpness of the split reflexions suggests that individual monoclinic regions are not less than 104 A across, but this requires further investigation. Their size is much smaller than the macro scopic regions of polarization described by Muller (1933) .
(iii) At + 15° C, the difference between the diagonal planes is only sufficient to give a blurred single reflexion with the resolution used. This implies that the angle between the b and c axes differs from 90° by not more than 50" of arc at this tem perature.
(iv) Finally, above the upper Curie point a single sharp reflexion is obtained. I t may be added in connexion with these experimental results th at out of the large number of X-ray reflexions from Rochelle salt studied in the course of these investigations, split reflexions have only been observed in the directions and at the temperatures recorded. In all other respects, the crystals behave as conventional * single' crystals. Studies of the total intensity of X-ray reflexion in the region of the anomaly are in hand, in view of their bearing on the mosaic theory of crystals.
D iscussion of the experimental results
The bearing of the experimental results described above on two main theoretical problems may be briefly indicated.
(i) Nature of the thermodynamic transitions in Rochelle salt
As is well known, the specification of the 230 possible space groups of crystal structure has been developed purely from the geometrical standpoint. From a physical standpoint it is clear that space groups of lower symmetry can only be differentiated from related groups of higher symmetry when the observable departure from symmetry exceeds the resolving power of some or all of the methods of crystal study available. Only the development of polar properties in Rochelle salt, for example, suggesteda change from orthorhombic to monoclinic structure at the lower Curie point (cf. Jaffe 1937), until the refined X-ray methods described in this paper were applied.
But these refined methods show that more has occurred than can be described in terms of conventional space-group theory. The 'single' crystal of orthorhombic Rochelle salt changes not into a 'single' crystal of monoclinic Rochelle salt, but into an assembly of monoclinic domains with the polar axis up and down at random. The small difference between these domains leads not. only to the trivial fact that a high resolving power is required to observe the change from orthorhombic to mono clinic structure, but also to the physical consequence that the domains can be accommodated within a framework which retains practically all the properties of a single crystal.
As has been described above, measurements of lattice spacings with a resolving power up to ± 2 x 10~4 A show a break-up of the lattice only in certain directions in the crystal. Owing to current conditions, it has not yet been possible to determine whether the primary extinction of the X-ray beam is preferentially lessened in these directions as a result of the break-up. Such an effect might explain the enhanced intensities observed normal to the 2,2,2 plane by Staub (1934a) . The brittleness of Rochelle salt may also be due to this break-up.
The X-ray evidence obtained on the nature of the lattice change in Rochelle salt throws fresh light on the general problem of thermodynamic changes of the second kind in crystals. When a substance such as orthorhombic sulphur is heated above the transition point, each single crystal is transformed into a powder of smaller crystals of the new phase. A transformation of this kind has been illustrated by X-ray photographs of the transition from pt o a resorcinol (Rober This kind of thermodynamic transition, which involves a comparatively gross rearrangement of the lattice a t a specific temperature with accompanying abrupt changes in volume and heat content, is called a thermodynamic change of the first order. An increasing number of examples is being studied, however, in which the changes in volume and heat content are spread over a range of several degrees, instead of involving an abrupt change of phase at a specific transition point (Ubbe lohde 1939 c). Such thermodynamic transitions of the second order can frequently be ascribed to minor changes of structure occurring within the lattice, such as the onset of rotation of the molecules. X-ray data have not hitherto made it clear whether the crystals remain 'single' during structural changes of the second kind. The direct experimental evidence now obtained with Rochelle salt appears to be the first to show th at thermodynamic changes of the second kind involve discrete changes of structure, occurring within regions of the single crystal.
I t is suggested th at a phase change in general remains of the second order when the changes of structure are sufficiently small to be accommodated without a break down of the 'single' crystal. Two consequences of this generalization are th at in transitions of the second kind sufficiently refined measurements should give evidence of discontinuities within ' single ' crystals over the transition range, and th at internal strains between the domains modify the free energy of the crystal in such a way as to lead to hysteresis (Ubbelohde 1939c). The effect of imposing an electric field on the split reflexions from Rochelle salt is being investigated in this connexion.
(ii) Physical effects of stretching hydrogen bonds As Rochelle salt is cooled through the upper Curie point (+ 24*5° C), the dielectric susceptibility increases in a manner similar to the onset of ferromagnetism in a paramagnetic substance below its Curie point (Valasek 1922) . Both these pheno mena can be ascribed to the mutual orientation of permanent electric or magnetic moments in the molecules by an inner field which overcomes the random thermal orientations below the Curie point. Detailed mathematical discussion of this effect in Rochelle salt has been made by Fowler (1935) .
But Rochelle salt differs from the magnetic analogy in exhibiting a further 'Curie' point a t a lower temperature, below which the anomalous dielectric properties disappear again. Fowler suggested this might be due to a freezing of rotating dipoles, but for various reasons this is unlikely (Busch, Hablutzel & Scherrer 1937) .
The explanation of the lower Curie point suggested by X-ray work on hydrogen bonds in crystals (see references above) is that short hydrogen bonds do not become polar until they are Sufficiently stretched either by the thermal expansion, or by tension applied to the crystal. The lower Curie point marks the temperature at which the bonds have been sufficiently stretched by thermal expansion, for polar properties to be developed, and for an inner field to be established.
Potential energy curves for the hydrogen bonds in the Rochelle salt lattice are not available. In their default, the effects of stretching hydrogen bonds may be illus trated from the potential energy curves for a hydrogen atom placed between two free oxygen atoms (Huggins 1936) . If such a free hydrogen bond is shorter than 2*592 A, there is a minimum of potential energy at the middle of the bond. The hydrogen atom occupies this minimum, and the bond has thus no permanent polarity. When the bond is stretched beyond 2*592 A, for example, by the thermal expansion of the crystal as a whole, the middle of the bond is a maximum of potential energy. The hydrogen atom can occupy either of two minima which bring it closer to one or other of the oxygen atoms, and in either of these configurations the bond possesses a permanent electric moment. When an electric field is applied, spirals containing hydrogen bonds extending throughout the crystal (Beevers & Hughes 1941) become polarized, when the hydrogen atoms can jump over the small potential barrier at the middle of the bond, so as to assume the configuration with polarity in the same sense as the field.
Data in support of this explanation of the lower Curie point include the following: (a) The hydrogen bond length in Rochelle salt is of the correct order to exhibit a change from non-polar to polar properties on stretching. Actually the value of 2*56 ± 0*05 A (Beevers & Hughes, private communication) is in excellent agreement with the critical length calculated below for a 'free' hydrogen bond (2*592 A), but since the crystal forces may be expected to modify the potential curves, too much weight cannot be given to this good agreement.
(b) Available information on 'free' hydrogen bonds may be correlated with the known properties of Rochelle salt. Using data given by Huggins (1936) , if 2d is the distance between the two oxygen atoms of the bond, the potential energy of a hydrogen atom situated between them, distant r from one oxygen atom and 2d -r from the other, is JJ -[g -a(r-r12) _ £ " g -a '(r -r e)j _j_ [g -a < 2 d -r-r12) _ Q 'e-a \ id -r -r eŵ here U is in units of 10-12 erg, and a = 6*0, a' = 1*29, r12 1*125, C" = 11*83, re = 0*969. Taking a new origin midway between the oxygen atoms, and putting p = d -r, the potential at a distance p from this new origin is The solution p = 0 implies that the mid-point between the oxygen atoms is al either a minimum or a maximum.
Differentiating twice, d2U / d p 2 = 0 at p = 0 when 2d = shown that for bond lengths smaller than 2*592 A, the mid-point is a minimum 0f potential energy, and a maximum for bond lengths greater than 2*592 A, so that the character of the hydrogen bond changes at this stage. The above data make no allowance for zero-point energy, which is known to be of importance for hydrogen bonds, and cannot be applied directly to hydrogen bonds within a crystal lattice because of the effect of crystal forces. Nevertheless, the order of magnitude of the following quantities (all in 10-12 erg) substantiates the explanation of the Rochelle salt effect briefly reviewed above:
(i) Within the Curie range of temperatures, ^JcTzaO-02 x 10~12 erg.
(ii) Taking the OH dipole as 1*66 x 10~18 e.s.u., and the inner field in Rochelle salt to be somewhere between 6xl06 and 0*6 x 10® V/cm. (various values are calculated by Staub (19346), Muller (1935) and Rusterholz (1935) ), the difference of potential energy in the two extreme positions of a single dipole lies between 0-064 and 0-0064 x 10~12 erg, which is comparable with \k T .
(iii) Assuming the whole of the enhanced expansion in the direction of the a axis to be due to the hydrogen bond, this increases in length by about 0-03 A from -60° to + 25° C, which is sufficient to account for the change from a non-polar to a polar hydrogen bond.
(iv) When the hydrogen bond is shortened by applying hydrostatic pressure to the crystal, the lower Curie point must be shifted to a higher temperature, since a greater expansion is required to reach the critical length for the change from non polar to polar character. This has been observed experimentally (Bancroft 1938) . Similarly, compression of the crystal along the a axis lowers the dielectric constant (Nemet 1935) .
(c) On the basis of this explanation of the lower Curie point, other crystals con taining short hydrogen bonds should exhibit Rochelle salt effects, though the influence of crystal forces on the hydrogen bond may shift the temperature region where Rochelle salt effects occur.
Such effects have in fact recently been observed for KH2P 0 4 (length of H bond 2-58 A) below -158° C, and for KH2As0 4 below -182° C (Busch 1938). In these crystals, as in Rochelle salt (and in oxalic acid dihydrate), the hydrogen bonds are linked in spirals through the crystal. But nominally, crystals such as KH2P0 4 belong to space groups possessing symmetry elements prohibiting polarization, just as in the case of (orthorhombic) Rochelle salt. It may be predicted that a corre sponding departure from standard space-group theory will be observed below their upper Curie points. This is being investigated. A simple expansion method, based on partial fractions of a special type, is described for the construction of bi-variate polynomials of interpolation. A distinctive feature is the choice of a system of straight lines, no three of which are concurrent, in order to define the points for interpolation. The expansion formula, which contains considerably fewer terms than others in general use, can be extended to more variables.
The applications considered relate to the expansion and solution of determinantal equa tions of a type frequently encountered in investigations on the flutter and stability of aero planes. Reference is made to the possible use of a d.c. network analyser, based bn an electrical interpretation of the expansion formulae, as an aid to rapid solution.
I. Introduction. The expansion of a Lagrangian stability determinant •d(A), the elements of which are general quadratic functions of A, is a computational problem of considerable difficulty, particularly when the order n of the determinant is large. Possibly the simplest and most direct method is to regard the expanded form of Vol. 185. A. 30
